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We discuss the method for the measurement of the gravity acceleration g by means of Bloch
oscillations of an accelerated BEC in an optical lattice. This method has a theoretical critical point
due to the fact that the period of the Bloch oscillations depends, in principle, on the initial shape of
the BEC wavepacket. Here, by making use of the nearest-neighbor model for the numerical analysis
of the BEC wavefunction, we show that in real experiments the period of the Bloch oscillations does
not really depend on the shape of the initial wavepacket and that the relative uncertainty, due to
the fact that the initial shape of the wavepacket may be asymmetrical, is smaller than the one due
to experimental errors. Furthermore, we also show that the relation between the oscillation period
and the scattering length of the BEC’s atoms is linear; this fact suggest us a new experimental
procedure for the measurement of the scattering length of atoms.
The idea of using accelerated ultracold atoms moving
in an optical lattice [1–4] has opened the field to multiple
applications. For instance, a cloud of accelerated ultra-
cold bosons prepared in an essentially one-dimensional
optical lattice exhibits Bloch oscillations [5]; by making
use of this property Clade´ et al [6] (see also [7, 8] for a
recent review) proposed a method for the measurement
of the value for the gravity acceleration g using ultracold
bosons confined in a vertical optical lattice. More re-
cently, Meinert et al [9] have observed, for large values
of the strength of the uniform acceleration, interaction-
induced coherent decay and revival of the matter-wave
quantum phase of the Bloch oscillating ensemble; when
the strength of the uniform acceleration is reduced a tran-
sition from regular to quantum chaotic dynamics is ob-
served. In that paper is also founded that the revival
period is entirely determined by the interaction strength
and thus provides a precise measure for the on-site inter-
action energy, and consequently for the scattering length.
We also mention recent results where ultacold atoms have
been used for the direct measurement of the universal
Newton gravitation constant G [10] and of the gravity-
field curvature [11].
We focus now our attention on the basic idea proposed
by Clade´ et al [6]: when a one-dimensional Bose-Einstein
condensate (BEC) in the vertical optical lattice performs
periodic Bloch oscillations then the determination of the
gravity acceleration g can be obtained by measuring the
period T of the Bloch oscillations. Indeed, recalling from
a seminal paper by Felix Bloch [12] (see also the textbook
[13]) that for a single accelerated particle in an optical
lattice the Bloch oscillation has period
T =
2pi~
mgb
, (1)
where m is the mass of the particle, ~ is the Planck con-
stant and b is the lattice period, then a precise value
of the gravity acceleration g = 2pi~mbT is obtained by
means of the experimental measurement of the period
T . The value for the gravity acceleration g obtained by
[14, 15] was consistent with the one obtained by classical
gravimeters; and the experimental result was affected by
a relative uncertainty of order 6 × 10−6, where the er-
ror’s sources were mainly assumed to be a consequence
of the experimental settings, e.g. the lattice’s laser is not
frequency stabilized, there is a small deviation from the
vertical direction of the lattice, and so on.
However, this ingenious method has, in principle, a
theoretical weakness because the Bloch Theorem does
not have a counterpart for BECs; indeed, Bloch oscil-
lations are theoretically predicted only for a single ac-
celerated particle in a periodic potential. Indeed, us-
ing gauge transformation applied to the time dependent
Schro¨dinger equation for a single particle the tilt can be
viewed as periodic driving of the system with Bloch fre-
quency. In other words if ψ(x, t) = eiλt/~ψ(x) is a so-
lution of the time dependent Schro¨dinger equation for
a single particle in a periodic field with a Stark pertur-
bation then ψj(x, t) = e
i(λ−jmgb)t/~ψ(x + jb), j ∈ Z, is
still a solution too and Stark-Wannier ladders occur [16];
then we expect that their linear combination is, up to a
phase term, a periodic function with period T given by
(1). We must underline that this argument does not
apply to the nonlinear Schro¨dinger equation, which de-
scribes the BEC’s wavefunction; indeed, even in such a
case we have families of solutions of the form ψj(x, t), for
some ψ(x), and thus a kind of Wannier-Stark ladders pic-
ture occurs, but we have to care of the fact that a linear
combination of solutions of a given nonlinear equation
is not, in general, a solution of such an equation. In
fact, we expect that the nonlinear perturbation affects
the oscillation period; this phenomenon can be seen in
a simple double-well model with a nonlinear perturba-
tion [17]. In conclusion, in the case of accelerated BECs
in an optical lattice oscillations are still expected with
a given period still denoted by T , but the estimate of
the effect of the atomic binary interactions on the oscil-
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2lation period T of the BEC must be considered [18–21].
This fact opens a theoretical question concerning the va-
lidity of the method proposed for the determination of
the gravity acceleration by means of the measurement of
the oscillation period, as pointed out by [19] in a simple
model where the potential lattice has a small number of
wells. In fact, in order to minimize the effect of atomic
binary interactions on the value of the period T , has been
used, in the experiments above [14, 15], a BEC of a par-
ticular Strontium’s isotope 88Sr with a small scattering
length as, and the initial wavepacket is prepared on a
large number of wells, typically more than one hundred.
In this paper we numerically prove that the effect of
the atomic binary interactions on the oscillation period
is negligible when the BEC is initially prepared on a suf-
ficiently large number of periodic cells. The nonlinear
Scho¨dinger equation which describes the dynamics of the
BEC wavefunction can be reduced, in the semiclassical
limit, to a discrete nonlinear Schro¨dinger equation. The
numerical solution to such a latter equation shows an
oscillating behavior and the oscillation period can be nu-
merically computed. We apply such a method where we
choose the values of the physical parameters as in the
experiment [15] and, in such a case, we find a relative
uncertainty of the oscillation period of order 1 × 10−6
due to the fact that the initial wavepacket may have an
asymmetrical shape. Therefore we can conclude that the
method proposed by Clade´ et al [6] properly works for
a vertical BEC initially prepared on a number of wells
large enough. Furthermore, we also numerically show
that the oscillation period linearly depends on the scat-
tering length of the BEC’s atoms; this result suggests
a new experimental method for the measurement of the
scattering length. In fact, the use of accelerated BECs
in an optical lattice may be eventually used to measure
the gravity acceleration g, as Clade´ et al proposed, and
even to measure the scattering length of the BEC’s atoms
instead of standard methods based on spectroscopy or,
more recently, on two-component BECs [22].
In order to discuss the dynamics of a one-dimensional
cloud of cold bosons in a periodical optical lattice under
the effect of the gravitational force we assume that the
periodic potential has the usual shape
V (x) = V0 sin
2(kLx) (2)
where b = 12λL is the period, λL =
2pi
kL
and V0 =
Λ0ER, where ER is the photon recoil energy. The
one-dimensional BEC is governed by the one-dimensional
time-dependent Gross-Pitaevskii equation with a peri-
odic potential and a Stark potential
i~∂tψ = HBψ +mgxψ + γ|ψ|2ψ , (3)
where the wavefunction ψ(·, t) ∈ L2(R, dx) is normalized
to one ‖ψ(·, t)‖L2 = ‖ψ0(·)‖L2 = 1 and where
HB = − ~
2
2m
∂2xx + V (x)
is the Bloch operator with periodic potential V (x);
ψ0(x) = ψ(x, 0) is the initial wavefunction of the
BEC. By γ we denote the one-dimensional nonlinearity
strength. The study of the dynamics of the wavefunction
ψ, solution to equation (3), is then obtained by means of
a discrete nonlinear Schro¨dinger equation (DNLS). The
idea is basically simple [19] and it consists in assuming
that the wavefunction ψ, when restricted to the first band
of the periodic Schro¨dinger problem, may be written as
a superposition of vectors u`(x) = W1(x − x`) localized
on the `−the cell of the lattice, where W1 is the Wannier
function associated to the first band and x` = `
pi
kL
is the
coordinate of the center of the `−th cell; that is
ψ(x, t) =
∑
`∈Z
c`(t)u`(x) . (4)
By means of such an approach the unknown functions
c`(t) turn out to be the solutions to discrete nonlinear
Schro¨dinger equations (DNLS) which dominant terms are
given by (here we denote ˙ = ddt )
i~c˙` = −λDc` − β (c`+1 + c`−1) +
+γ‖u0‖4L4 |c`|2c` +mgb`c` , ` ∈ Z , (5)
where λD is the ground state of a single cell potential and
where β is the hopping matrix element between neighbor-
ing sites. In fact, in the semiclassical limit it turns out
that λD has dominant value given by ~kL
√
V0/2m, and
the parameter β is expected to be such that 4β is equal
to the amplitude of the first band.
The theoretical question about the validity of the
nearest-neighbor model (4)-(5) has been largely debated.
A positive, and fully rigorous, answer to this question has
been given in the semiclassical limit for BECs in a peri-
odic potential [23–25] and, more recently, for accelerated
BECs in a potential with a finite number of wells [19].
In fact, in our problem the semiclassical limit has to be
understood as Λ0 large enough and ~ fixed. A numeri-
cal evidence of the validity of the nearest-neighbor model
consists in showing that the hopping matrix element be-
tween the sites of the lattice rapidly decreases when the
number of cells between the sites increases. In particular,
numerical experiments [26, 27] suggest that the nearest-
neighbor model properly works when Λ0 ≥ 10.
In typical experiments [14, 15] the lattice period is b =
λL/2 = 266nm, that is λL = 532nm; then, the Bloch
period (1) predicted by the Bloch theorem is given by
T =
2pi~
mgb
= 1.740ms .
The lattice potential depth is V0 = Λ0 ·ER, where ER =
2pi2~2
mλ2L
= 50.38 kHz · ~ is the photon recoil energy and Λ0
is assumed to be large enough, typically Λ0 = 10 such
that the nearest-neighbor model (4)-(5) properly works.
For such values it turns out that the first band of the
Bloch operator HB has endpoints E
b
1 = 4.32 · ER and
3Et1 = 4.58 · ER. Hence, the values of the width of the
first band is given by B1 := E
t
1 − Eb1 = 0.26 · ER and
β = 14B1 = 0.065 · ER. In order to estimate the one-
dimensional nonlinearity strength γ it is expected that it
is of the order [28]
γ =
γ3D
2pid2⊥
where d⊥ is the length of the transverse confinement,
γ3D =
4Npias~2
m is the effective nonlinearity strength for
the three-dimensional Gross-Pitaevskii equation, as de-
notes the scattering length of the Strontium isotope 88Sr
and N is the number of atoms of the condensate. In typ-
ical experiments d⊥ ≈ 180 · 10−6m and N = 105 ÷ 106.
Recently, it has been estimated that the ground-state s-
wave scattering length as for the main bosonic isotope of
Strontium 88Sr is such that as = −a0÷ 13a0 [29], where
a0 is the Bohr radius; more recent results suggest that
as = −2a0 [30].
By introducing the slow time τ = βt/~ and by setting
d`(τ) = c`(t)e
iλDt/~ then the DNLS equation (5) takes
the form (here we denote ′ = ddτ )
id′` = −(d`+1 + d`−1) + η|d`|2d` + `ρd` , ` ∈ Z , (6)
where, when the values of the physical parameters are
chosen as above, the adimensional parameters η and ρ
take values
η =
γ‖W1‖4L4
β
=
2piΛ
1/4
0 ~2
bβd2⊥
Nas
m
= −0.03 (7)
for N = 106 and as = −2a0, and
ρ =
fb
β
=
mgb
β
= 1.103 .
In these units and for such a value of ρ then the Bloch
period (1), still denoted by T , is given by
T =
2piβ
mgb
=
2pi
ρ
= 5.696(45)
in adimensional units.
We assume that the initial wavefunction ψ0(x) =
ψ(x, 0) is initially prepared on a finite number N of wells
ψ0(x) =
N∑
`=0
c0`u`(x)
and we numerically compute the solutions to equation
(6) with initial condition c`(0) = c
0
` . The expectation
value of the centroid of the wavepacket
〈x〉t = 〈ψ(x, t)|xψ(x, t)〉
exhibits an oscillating behavior with period T depend-
ing, in principle, by the adimensional effective nonlin-
earity strength η, by the adimensional strength ρ of the
Stark potential and by the shape of the initial wavepacket
FIG. 1. In this figure we plot, for given values of N , the
graphs of the period T versus the adimensional parameter s,
which measures the skewness of the initial wavepacket.
ψ0. However, here we show that when the initially
wavepacket ψ0 is initially prepared on a number N of
wells large enough (typically N ≥ 30) then the period
T practically does not depend on these parameters and
then the relative uncertainty is quite small. To this end
we assume that the values c0` are given by means of a
binomial distribution with parameters N and p ∈ (0, 1);
that is
c0` = C
(
N
`
)
p`(1− p)N−`
where C is a normalization constant in order to have
‖ψ0‖ = 1. Then we fix the strength η to the theoretical
value (7), corresponding to N = 106 atoms and scatter-
ing length as = −2a0, and we vary the number N of
wells where the BEC wavefunction is initially prepared,
and the skewness
s =
〈ψ0|x3ψ0〉 − 3µσ2 − µ3
σ3
of the initial wavepacket, which measures the asymmetry
of the initial wavepacket (as usual µ = 〈ψ|xψ0〉 and σ2 =
〈ψ|x2ψ0〉−µ2), corresponding to different values of p. In
Figure 1 we plot the dependence of the period T by the
skewness parameter s for η fixed to the theoretical value
−0.03 and for different values of N . It turns out that
when N is large enough then
δ = max
s∈[−0.15,+0.15]
∆T
T
= 1.25 · 10−6 , for N = 30.
4N δ
6 1.62 · 10−5
8 8.69 · 10−6
10 6.59 · 10−6
12 5.06 · 10−6
15 3.71 · 10−6
20 2.36 · 10−6
30 1.25 · 10−6
TABLE I. Relative uncertainty of the period for different val-
ues of N when the adimensional nonlinearity strength (7) is
fixed to the theoretical value −0.03 and when the skewness s
of the initial wavepacket runs in the interval [−0.15, 0.15].
FIG. 2. Logarithmic plot of the relative uncertainty of the
period for different number of wells when the adimensional
nonlinearity strength (7) is fixed to the theoretical value −0.03
and when the skewness s of the initial wavepacket runs in the
interval [−0.15, 0.15].
In particular, in Table I we collect the value of the relative
uncertainty of the period for different values of N and
we plot these values in a logarithmic graphic in Figure 2.
It turns out that the relative uncertainty, due to the fact
that the oscillation period depends on the initial shape of
the wavepacket, rapidly decreases when the number N of
wells, where the initial wavepacket is prepared, increases;
in particular, δ becomes much smaller that the relative
uncertainty estimated by [15], due to the experimental
settings, when N is larger or equal to 30.
The physical qualitative intuition beyond such a result
may have an explanation, at least when the scattering
length as is not negative; indeed, let the total number N
of atoms of the BEC be fixed, as well as the scattering
length as, then if the BEC normalized initial wavefunc-
tion ψ0 is distributed on a sufficiently large number N of
cells then the repulsive binary interaction, associated to
the nonlinear term γ|ψ0|2ψ0 of the Gross-Pitaevskii equa-
tion (3), can be assumed to be a rather small perturbative
term at the initial instant and then it does not really af-
fect the dynamics of the wavefunction ψ(x, t) for times
not too large. Hence, Bloch oscillations with period (1)
would be observed. In the case of attractive binary inter-
action corresponding to as < 0 then a similar argument
would work provided that blow-up phenomena don’t oc-
cur; in fact, functional estimates [31] prevent blow-up for
such a model.
Then we discuss how the oscillation period depends by
the adimensional effective nonlinearity strength η. In
Figure 3 we plot the dependence of the period T by
the adimensional nonlinearity strength η in the interval
[−0.1, 0.2] for different values of N and when the initial
wavepacket is symmetric, that is p = 12 . The adimen-
sional strength ρ of the Stark potential is fixed and equal
to 1.103. It turns out that the oscillation period linearly
depends on η. This fact suggests us a new experimental
method for the measurement of the scattering length for
bosonic atoms (not only for the isotope 88Sr). Indeed,
by equation (7) and by the fact that T linearly depends
by η, then we can conjecture that the oscillation period
depends on the scattering length as and the number N
of atoms as follows
T =
2pi~
mgb
+ c
asN
m
(8)
for some unknown constant c which does not depend on
the particular atom chosen, but c only depends on the
lattice potential, the transverse confinement, and the ini-
tial vertical confining potential, from which depends the
initial shape of the wavefunction as well as the number
N of wells where the wavefunction is initially prepared;
and where the value of g is assumed now to be already
known (by, e.g., a classical gravimeter). The value of c
can be obtained by measuring the oscillation period for
an accelerated BEC in an optical lattice where the atoms
of the BEC have a scattering length as already known.
Once we have experimentally obtained the value of c then
the experimental apparatus is ready to get the scattering
length of any other atom by measuring the period when
the BEC oscillates in a vertical optical lattice.
In conclusion, we can state that the method proposed
by Clade´ et al [6] properly works when the initial wave
packet is prepared on a sufficiently large number of wells;
if not the period of the Bloch oscillations may be strongly
affected by the strength on the nonlinearity term as well
as by the skewness of the initial wavepacket. However,
5FIG. 3. In this figure we plot the graphs of the period
T versus the adimensional parameter η for given values of
N . In particular, it turns out that T linearly depends by η.
The slope of the straight line depends on N , in particular the
values of the slope, for different values on the number N , are
equal to −3.66 · 10−3 (for N = 6), −1.08 · 10−3 (for N = 10),
−1.28 · 10−4 (for N = 20) and −3.09 · 10−5 (for N = 30).
in the experiment realized by [14, 15] the wavepacket is
initially prepared on more than one-hundred wells and
then we can conclude that the relative uncertainty, due
to the fact that the oscillation period may depends on
the shape of the initial wave-packet, is much less than
the other one due to the experimental errors’ sources.
Furthermore, the numerical analysis of the oscillation
period, as function of the scattering length, suggests a
new method for the experimental measurement of the
scattering length of BEC’s atoms.
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